In this work, we discuss the existence of nontrivial solutions for the fractional boundary value problem
Introduction
In this paper, we investigate nontrivial solutions for the boundary value problem of fractional order involving Riemann-Liouville's derivative 
Meanwhile, we also note that they developed an explicit iterative sequence for approximating the solution together with an error estimate for the approximation. 
Preliminaries
The Riemann-Liouville fractional derivative of order α >  of a continuous function f :
where n = [α] + , [α] denotes the integer part of number α, provided that the right-hand side is pointwise defined on (, +∞). For more details on fractional calculus, we refer the reader to the recent books; see [-]. Next, we present Green's function of fractional differential equation boundary value problem (.).
+∞)). Moreover, G(t, s) satisfies the following inequalities:
, and
Proof By (.), we arrive at the inequality (.) immediately. The proof is completed.
By simple computation, we have
Then (E, · ) becomes a real Banach space and P is a cone on E. Now, note that u solves (.) if and only if u is a fixed point of the operator
Then L : E → E is a completely continuous linear operator, satisfying L(P) ⊂ P. That is, L is a positive, completely continuous, linear operator. Let
where ϕ(t) is defined by Lemma . and ω := K  (α) > . By (.) and (.), we easily have the following result.
Lemma . L(P) ⊂ P  .
Proof From (.), for u ∈ P, we have
On the other hand, from (.) and (.), we find
Therefore, L(P) ⊂ P  . This completes the proof. 
Main results
We denote
 >  and B ρ := {u ∈ E : u < ρ} for ρ > .
Theorem . If there exists a constant b
then (.) has at least one nontrivial solution.
Proof The first two inequalities of (.) imply that there are ε >  and b  >  such that
In what follows, we shall prove that
where u * ∈ P  . Indeed, if u  ∈ E, u  = R, and μ  ≥  such that
which leads to u  + u ∈ P  by Lemma .. Combining this with (.), we find
On the other hand, we have by (.)
That is a contradiction. As a result of this, (.) holds. Lemma . gives
It follows from the third inequality of (.) that there exists  < r < R such that |f (t, u)| ≤ λ  |u|, ∀|u| ≤ r, t ∈ [, ]. In the following, we prove
In fact, suppose that there exist u  ∈ ∂B r , μ  ≥  such that Au  = μ  u  . We may suppose that μ  >  (otherwise we are done). Thus
Multiply by ϕ(t) both sides of the preceding inequality and integrate over [, ] , and use (.) to obtain
This, together with In order to prove Theorem ., we need the following result involving the spectral radius of L, denoted by r(L).
Proof We easily obtain the result by Gelfand's theorem and (.). This completes the proof.
Theorem . If there exists a constant b
Proof By the second inequality of (.), there exist ε >  and r  >  such that
For every u ∈ B r  , we have from (.) that
and thus A(B r  ) ⊂ P. For all u ∈ ∂B r  ∩ P, from (.), we know
We may suppose that A has no fixed point on ∂B r  (otherwise, the proof is completed). Now we show that
where u * ∈ P. Otherwise, there exist
which implies where i denotes fixed point index on P. Recall the definition of u. Clearly, u ∈ P and A :
By the third inequality of (.), there exist r  > r  + u = r  + bK  (α) and  < σ <  such that
In what follows, we will show that W is bounded. 
